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Abstract

Robots must complete their tasks in spite of unreliable actuators and
limited, noisy sensing. In this paper, we consider the information re-
quirements of such tasks. What sensing and actuation abilities are
needed to complete a given task? Are some robot systems provably
“more powerful”, in terms of the tasks that they can complete, than
others? Can we find meaningful equivalence classes of robot sys-
tems? This line of research is inspired by the theory of computation,
which has produced similar results for abstract computing machines.
Our basic contribution is a dominance relation over robot systems
that formalizes the idea that some robots are stronger than others.
This comparison, which is based on how the robots progress through
their information spaces, induces a partial order over the set of ro-
bot systems. We prove some basic properties of this partial order and
show that it is directly related to the robots’ ability to complete tasks.
We give examples to demonstrate the theory, including a detailed
analysis of a limited-sensing global localization problem.

KEY WORDS—information spaces, robot dominance, sen-
sors, minimalism

1. Introduction

Suppose that we want a robot to complete some task, such as
navigating to a goal, manipulating an object or localizing itself
within its environment. Many different combinations of sens-
ing and motion modalities have been used to complete each
of these tasks. Indeed, much of the robotics literature is con-
cerned with finding sufficient conditions on the sensing and
actuation capabilities needed to complete such tasks. In this
paper we take a different approach. For a given task, we are in-
terested in determining the necessary conditions. What sensors
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and actuators are needed? What are the information require-
ments of robotic tasks? The long-term goal of this research is
to develop a theory of robots and sensing that helps to answer
such questions. Answers to these questions are important be-
cause we expect that a deep understanding of the difficulty of
tasks in terms of their information requirements will lead to
simpler and less-expensive robot designs.

This work is inspired in part by the theory of computation,
which begins with precisely defined models of abstract ma-
chines, such as finite automata, Turing machines, and so on
(Sipser 1997� Hopcroft et al. 2000). In this context, a problem
is usually a language of strings� to solve the problem is to ac-
cept strings in this language and reject all others. The theory of
computation gives answers to several kinds of basic questions
about these machines and problems:

1. Solvability: Can a given machine solve a given problem?

2. Complexity: If the machine can solve the problem, how
efficiently (in terms of time or space, for example) can
it do so?

3. Comparison: Are some machines strictly more power-
ful, in terms of the problems they can solve, than others?
It is known, for example, that pushdown automata can
accept a strictly larger set of languages than finite au-
tomata are able to. Likewise, Turing machines are more
powerful than pushdown automata.

4. Equivalence: Are there apparently dissimilar machines
that can solve the same set of problems? For example,
it is a standard result that a Turing machine with multi-
ple tapes is functionally equivalent to an ordinary single-
tape Turing machine. Less obviously, Turing machines
and recursive functions have been shown to have equiv-
alent computation power.

These ideas are well understood. In the sense that they form
the formal foundation of the discipline, they are part of the
core of computer science. Current robotic science lacks a com-
parable foundation� the field needs a unified theory in which

5

 at TEXAS A&M UNIV on February 6, 2012ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


6 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / January 2008

meaningful statements can be made about the complexity of
robotic tasks and the robot systems we build to complete these
tasks.

Can we adapt standard models of computation to the ro-
botics context? Unfortunately, these models are fundamentally
ill-suited for studying robotics problems, because they assume
that all of the relevant information is supplied ahead of time
on the machine’s tape. Sensing and uncertainty are central,
defining issues in robotics� this structure is destroyed by an
a priori encoding of the problem on a machine’s tape. Tradi-
tional models of online computation (Sleator and Tarjan 1985�
Karp 1992� Borodin and El-Yaniv 1998) are also inadequate,
because they assume that some fixed encoding of the prob-
lem is revealed incrementally. In contrast, robotics problems
are generally interactive, in the sense that the robot’s decisions
influence the information that becomes available in the future.
Others study robotics problems use similar tools (Papadim-
itriou and Yannakakis 1991� Gabriely and Rimon 2004), but
do not explicitly consider the effects of varying sensing and
motion capabilities.

The aim of this paper is to develop a “sensor-centered” the-
ory for analyzing and comparing robot systems. The central
idea we present is the notion of dominance of one robot model
over another. In informal terms:

A robot R2 dominates another robot R1 if R2 can
“simulate” R1, collecting at least as much infor-
mation as R1.

We make three primary contributions in developing this
idea. First, we present the idea of robotic primitives for mod-
eling robot systems as collections of independent components.
A single robotic primitive represents a self-contained “instruc-
tion set” for the robot that may involve sensing, motion or both.
A robot model is defined by a set of primitives that the robot
can use to complete its task. By selecting a “catalog” of prim-
itives from which complete robot systems are constructed, we
effectively determine a set of robot systems to consider. For
clarity, we define these models in an idealized setting in which
time is modeled as a series of discrete stages and the robot has
perfect knowledge of its environment, perfect control and per-
fect sensing. Second, we give a definition for the dominance
of one robot system over another that formalizes the impre-
cise definition above. This definition is based on comparing
reachability in a derived information space (LaValle 2006). By
mapping sensor–action histories from a variety of robots into
the same derived information space, we can compare the abil-
ities of these robots in a concrete, formal way. We prove some
basic properties of this dominance relation and give some ex-
amples, including a detailed investigation of the global local-
ization problem. Third, we demonstrate the generality of our
ideas by showing how to remove several of the simplifying as-
sumptions we make in the initial presentation.

Our approach is based on two main ideas:

1. Information spaces. Traditional planning methods focus
on the robot’s progression through a space of states.
What happens when the state is hidden and sensing
thereby becomes relevant? One approach is to use state
estimation, in which the robot uses the information
available to it to make an “educated guess” about its
state. The robot can treat this estimated state as its true
state and ignore the uncertainty. In some extremely lim-
ited contexts this is provably optimal (see, for example,
Bertsekas (2001, Section 6.1)). We, however, are inter-
ested in a broader class of tasks for which accurate state
estimation is impossible.

The relevant space for such problems is the robot’s infor-
mation space. This space fully describes the information
available to the robot, including its initial condition, the
history of actions it has applied and the history of sensor
observations it has received. The robot’s “state” in this
space is always fully known. Information spaces origi-
nated in game theory (Kuhn 1953), but have been used
in robotics for some time (Goldberg and Mason 1990�
Erdmann 1993� Barraquand and Ferbach 1995� LaValle
and Hutchinson 1998� LaValle 2006).

2. Tradeoffs expressed as partial orders. We present a par-
tial order defining the dominance of one robot system
over another. The definition, in turn, is based on another
partial order, an information preference relation over in-
formation space, that indicates which information states
are preferred to others. Although these relations admit
the possibility that no meaningful comparisons can be
made, we find this desirable: physical tasks and robot
systems exhibit complex relationships and tradeoffs that
can potentially defy meaningful linear ordering.

The challenge of robotics lies in the interactions between
sensing, actuation and computation. In this paper, we focus the
effects of varying choices for the robot’s sensing and actuation
capabilities. The robot’s computational abilities (as measured,
for example, by processing power or memory limitations) are
also relevant, but we do not consider them here.

The remainder of this paper is organized as follows. Sec-
tion 2 reviews related research. Section 3 lays a foundation of
basic definitions for robotic planning problems. Section 4 in-
troduces the concept of robotic primitives and defines the set
of robots induced by a catalog of primitives. In Section 5, we
describe the information preference relation. The definition of
dominance and some basic properties thereof appear in Sec-
tion 6. In Section 7, we apply the results from Sections 4–6
to the global localization task. In Section 8, we present sev-
eral generalizations of our basic results to account for environ-
ment uncertainty, imperfect control and sensing, and continu-
ous time. Section 9 discusses the limitations of this work and
describes some open problems.
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Preliminary versions of this work appeared in O’Kane and
LaValle (2006, 2007a).

2. Related Work

Our approach can be viewed as minimalist in the sense that
we are interested in solutions that use sensing sparingly. The
minimalist approach in robotics has a long history, dating back
perhaps to Whitney (1986). Minimalist approaches have been
used in manufacturing contexts for part orientation (Erdmann
and Mason 1988� Goldberg and Mason 1990� Goldberg 1993�
Wiegley et al. 1997� Akella et al. 2000� van der Stappen et al.
2000� Agarwal et al. 2001� Moll and Erdmann 2002) and in
mobile robotics for navigation and exploration (Dúnlaing and
Yap 1982� Kutulakos et al. 1994� Lumelsky and Tiwari 1994�
Choset and Burdick 1995�Kamon et al. 1999�Acar and Choset
2001b� Tovar et al. 2004).

Our goals are similar to those of Donald (1995). The re-
ductions in that work are similar to our dominance relation�
Donald’s notion of calibration is related to our idea of initial
conditions. The most fundamental difference is that our analy-
sis is rooted in the information space. We claim that for robotic
problems in which sensing is a crucial issue, the information
space is the space in which the problem can most naturally be
posed. The work of Erdmann (1995) is grounded in the preim-
age planning ideas due to Lozano-Pérez et al. (1984). In Erd-
mann’s work, sensors are modeled by giving a partition of state
space. The problem of sensor design is to choose a partition so
that from each region in the partition, the robot knows what
action to select in order to make progress toward its goal. Oth-
ers in artificial intelligence Brafman et al. (1998) and control
theory (Egerstedt 2002� Girard and Pappas 2007� Abate et al.
2006) have addressed related issues.

Although the examples in this paper use non-deterministic
uncertainty, which is based on set membership, the basic struc-
ture of our analysis is compatible with probabilistic uncer-
tainty models such as those of Thrun et al. (2005). Many prob-
abilistic methods (for example, Austin and Jensfelt (2000) or
Lenser and Veloso (2000)) can be characterized as operating in
an information space whose members are probability distribu-
tions over state space. Our methods can be viewed as axiomatic
because they can be applied in any situation that satisfies the
definitions of Sections 3–5. In this sense, the model of un-
certainty used is orthogonal to the questions addressed in this
work.

3. Basic Definitions

This section presents basic definitions for robotic planning
problems. To keep the presentation as clear as possible, we
make several simplifying assumptions here and in Section 8
we show how to relax them.

Fig. 1. A robot in a planar environment E . Its state space is
X � E � S1.

3.1. States, Actions and Observations

We allow a robot to move in a state space X . Many of the ex-
amples in this paper are for a point robot with orientation in
the plane. In these examples, we use X � E � S1, in which
E � �2 is the robot’s environment and S1 � [0� 2�]��, where
� is an equivalence relation identifying 0 and 2� , represents
the robot’s orientation. Note that this formulation encodes the
geometry of the robot’s environment into its state space. Sit-
uations in which the environment is unknown can be mod-
eled using a richer state space, as described in Section 8.1.
In general, however, we allow arbitrary state spaces, includ-
ing configuration spaces and phase spaces of physical sys-
tems.

Time proceeds in variable-length stages, indexed by con-
secutive integers starting with 1. In each stage, the robot se-
lects an action u from its action space U and moves to a new
state according a state transition function f : X � U � X .
At the conclusion of each stage, the robot’s sensors provide
an observation y from an observation space Y , according to
h : X � U � Y . Call h the robot’s observation function. Let
xk , uk and yk denote the state, action and observation at stage
k, respectively. These sequences are related to each other by f
and h:

xk�1 � f �xk� uk� (1)

yk � h�xk� uk�� (2)

Although we are assuming in this section that both state transi-
tions and observations are deterministic, we acknowledge that
in realistic contexts, managing unpredictability in motion and
sensing is a crucial issue. We omit such uncertainty here be-
cause of the additional complications it would introduce. The
extensions needed to relax this assumption are introduced in
Section 8.

For convenience, we also define an iterated version of f
that applies k actions in succession:

f �x� u1� � � � � uk�

� f �� � � f � f �x� u1�� u2� � � � � uk	1�� uk�� (3)

The robot’s capabilities are modeled in the action and observa-
tion sets U and Y and in the maps f and h that interpret these

 at TEXAS A&M UNIV on February 6, 2012ijr.sagepub.comDownloaded from 

http://ijr.sagepub.com/


8 THE INTERNATIONAL JOURNAL OF ROBOTICS RESEARCH / January 2008

Fig. 2. The robot interacts with its environment by executing
actions and receiving observations.

sets. See Figure 2. A robot model is a 5-tuple �X�U�Y� f� h�
giving values to each of these elements.

3.2. Information Spaces

Although the robot does not know its state, it does have ac-
cess to the history of actions it has selected and observations
it has made. The space of such histories is the robot’s history
information space (history I-space), denoted by �hist:

�hist �

�

i�0

�U � Y �i � (4)

After k stages, the robot’s history information state (history
I-state) is a sequence of length 2k:

�k � �u1� y1� � � � � uk� yk�� (5)

We occasionally abuse notation by writing ��k� uk�1� yk�1� for
the history I-state formed by appending uk�1 and yk�1 to �k .
How is the state space related to the robot’s history I-space?
One connection is by way of the notion of states consistent
with an I-state:

Definition 1. A state x � X is consistent with a his-
tory I-state �k � �u1� y1� � � � � uk� yk� if there exists some
x1 � X such that x � f �x1� u1� � � � � uk� and y j �
h� f �x1� u1� � � � � u j	1�� u j � for each j � 1� � � � � k.

The intuition is that a state x is consistent with an I-state �k if
a robot having I-state �k might possibly be at state x .

We may define a policy � : �hist � U over history I-space.
Note that, given a state xk and a history I-state �k , the history I-
states reached by repeatedly executing � are fully determined.
As a shorthand, we define a function F that applies a policy
several times in succession, so that m applications of a policy
� , starting at state xk and information state �k , lead to a new
history I-state given by

�m�k � Fm��k� �� xk�� (6)

Note that Fm��k� �� xk� depends on the true state xk (which is
unknown to the robot) because xk influences the observation
sequence the robot receives.

The history I-space is not particularly useful by itself. For
pairs of robots whose action or observation spaces differ, the
history I-spaces also differ, making the history I-space unhelp-
ful for comparing robots. Therefore, we select a derived infor-
mation space (derived I-space) � and an information mapping
(I-map) � : �hist � �. Informally, an I-map computes a “com-
pression” or “interpretation” of the history I-state. If the his-
tory I-spaces of several robot models are mapped to the same
derived I-space �, then the robots can be compared by exam-
ining their progression through �. In principle, we may select
� and � arbitrarily. The usefulness of a derived I-space lies
in its ability to capture the information relevant to the task of
interest.

Example 1. We define the non-deterministic I-space �ndet, in
which derived I-states are non-empty subsets of X . The inter-
pretation is that the robot’s derived I-state is the minimal set
guaranteed to contain the true state. For any history I-state �,
the non-deterministic derived I-state �ndet��� is the set of states
consistent with �. Equivalently, the I-map �ndet : �hist � �ndet

can be defined recursively:

�ndet� � � X (7)

�ndet��� u� y� � � f �x� u�  x � �ndet���� y � h�x� u�� (8)

Note that in Equation 7 we assume that the robot initially has
no information about its state.

An important special case is the value of � for an empty
history, that is, �� �. This value gives an initial condition for
the robot, reflecting any knowledge the robot may have before
its execution begins.

A task for the robot is a goal region �G � � in derived I-
space that the robot must reach. This notion is a generalization
of the traditional idea of a goal state or goal region in state
space. A solution is a policy � under which, for any x � X ,
there exists some l such that Fl��1� �� x� � �G .

4. Defining a Set of Robot Systems

In this section we discuss how a set of robots can be defined in
terms of a set of independent components.

4.1. Robotic Primitives

At the most concrete level, a robot is a collection of motors and
sensors connected to some sort of computer. Between these
components there may be interactions by means of open- or
closed-loop controls. We abstract this complexity by defining
the notion of a robotic primitive. Each robotic primitive defines
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a “mode of operation” for the robot. When primitives are im-
plemented, they may draw on one or more of the robot’s physi-
cal sensors or actuators. Every kind of motion or sensing avail-
able to the robot must be modeled as a robotic primitive. Ro-
botic primitives correspond roughly to the oracles that appear
in the theory of computation (Soare 1987� Sipser 1997), in the
sense that they provide the ability to make certain transitions
and collect certain observations, without specifying how these
abilities are implemented.

Formally, we define robotic primitives in terms of the action
and observation abilities they provide.

Definition 2. A robotic primitive (or simply a primitive) Pi

is a 4-tuple

Pi � �Ui � Yi � fi � hi � (9)

giving an action set Ui , an observation set Yi , a state transition
function fi : X � Ui � X and an observation function hi :
X �Ui � Yi .

Let�� � �P1� � � � � PN � denote a catalog of primitives. We
may form a robot model by selecting non-empty subset of�� .
A robot defined by the primitive set R � �Pi1� � � � � Pim � �
�� has the action set UR � Ui1 � � � � � Uim and observation
set YR � Yi1 � � � � � Yim . The � notation indicates a disjoint
union operation, under which identical elements from different
source sets remain distinct. The state transition function fR :
X � UR � X and observation function hR : X � UR � YR

are formed by unioning the f and h maps from the relevant
primitives. When it can be done without ambiguity, we use
the phrase robot model to refer directly to the set of primitives,
rather than to the 5-tuple �X�U� Y� f� h� formed by these prim-
itives. With this usage, it is meaningful to apply set operations
such as union or intersection directly to robots.

Note that, given a catalog of primitives�� , we can form a
“master” robot model �R that includes every primitive in �� .
The history I-space of �R contains as a subset the history I-
space of every other robot model that can be formed from�� .
As a result, any I-map for �R can also be used as an I-map for
any robot model formed from�� .

We now give several examples to illustrate the intuition of
Definition 2. Examples 3–7 apply to a point robot with orien-
tation in a bounded planar environment E , so X � E � S1.
Illustrations of these primitives appear in Figures 3–5. We re-
visit these examples in Sections 6 and 7.

Example 2. Let PA � �S1� �0�� fA� h A�. Let fA compute rel-
ative rotations, so that from a state x � �x1� x2� 	�, we have
fA�x� u� � �x1� x2� 	 � u�. Since YA � �0� contains only a
dummy element, h A is a trivial function always returning 0.
This primitive can be implemented with an angular odometer
on a mobile robot capable of rotating in place.

Fig. 3. Sample executions of the primitives of Examples 2 and
3. Top: PA allows the robot rotate relative to its current ori-
entation. Bottom: PC allows the robot to rotate relative to a
globally defined “north” direction.

Fig. 4. Sample executions of the primitives of Examples 4–6.
Top: PT allows the robot to translate forward until it reaches
an obstacle. Middle: PL allows a robot to specify a distance to
translate. Bottom: PR allows the robot to measure the distance
forward to the nearest obstacle, but does not change the robot’s
state.

Example 3. Let PC � �S1 � �0�� S1� fC � hC�. Define
fC�x� u� to set the rotation coordinate of x equal to u if u � S1

or to leave x unchanged if u � �0�. The observation function
hC returns the robot’s final orientation. This primitive amounts
to allowing the robot to orient itself with respect to a global
reference frame or to sense its current orientation without ro-
tating. One might implement this primitive using a compass on
a robot that can rotate in place.

Example 4. Let PT � ��0�� �0�� fT � hT �. Define fT to com-
pute a forward translation to the obstacle boundary. This prim-
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Fig. 5. A sample execution of the primitive of Example 7. The
robot senses its position, but its state does not change.

itive can be implemented with a contact sensor on a mobile
robot that can reliably move forward.

Example 5. Let PL � �[0�
�� [0�
�� fL � hL�. For x � X
and u � U , define fL�x� u� to compute a forward translation
of distance at most u, stopping short only if the robot reaches
an obstacle first. The observation hL�x� u� is the actual dis-
tance traveled. This primitive can be implemented with a linear
odometer on a robot that can move forward reliably. Depend-
ing on implementation issues, a contact sensor may also be
needed.

Example 6. Let PR � ��0�� [0�
�� fR� hR�. For all x � X ,
fR�x� 0� � x , so that this primitive never changes the robot’s
state. The observation hR�x� u� is the distance to the nearest
obstacle directly in front of the robot. This primitive models
the capabilities of a forward-facing unidirectional range sen-
sor.

Example 7. Let PG � ��0���2� fG� hG�. Again, fG�x� u� �
x for all x and u. For a state x � �x1� x2� 	�, let hG�x� 0� �
�x1� x2�. This primitive roughly corresponds to a GPS device
that the robot can periodically poll to determine its location in
the plane.

Other possibilities for primitives include landmark detec-
tors, wall followers, visibility sensors and so on. A more com-
plete listing of sensors suitable for adaptation into robotic
primitives appears in LaValle (2006, Section 11.5.1).

There are several benefits to modeling robot systems as col-
lections of primitives. First, we claim that robotic primitives
represent the right level of abstraction at which planning prob-
lems are interesting but manageable. If we consider sensors at
too fine a level of detail, the problem takes on the character of
a closed-loop control system. If the primitives are too sophisti-
cated, we risk trivializing the planning problem while creating
an unbearable modeling burden. Second, by dividing time into
discrete stages, we avoid the technical difficulties of describ-
ing the robot’s progression through � in continuous time. This
consideration is increasingly important if we allow noise to af-
fect state transitions or observations. We address issues related
to the modeling of time more completely in Section 8.3.

5. The Information Preference Relation

Our goal is a dominance relation under which we can declare
one robot “better than” another. To do so, we need a formal
notion of one I-state being superior, in the sense of encoding
better information, than another. To this end, choose a derived
I-space � and an I-map � into �. Equip � with a partial or-
der, which we call an information preference relation. Write
���1� � ���2� to indicate that ���2� is preferred to ���1�. We
require that for any �1� �2 � �hist, and for any u � U and
y � Y ,

���1� � ���2�� ���1� u� y� � ���2� u� y�� (10)

This is a consistency property requiring preference for one I-
state over another to be preserved across transitions in I-space.

Example 8. Regardless of � or � , it is well defined (but per-
haps unhelpful) to use a trivial relation under which ���1� �
���2� if and only if ���1� � ���2�.

Example 9. Under non-deterministic uncertainty, we can
define �ndet��1� � �ndet��2� if and only if �ndet��2� �
�ndet��1�. To show that (10) is satisfied, suppose �ndet��1� �
�ndet��2�. Let x � �ndet��2� u� y�. The definition of �ndet en-
sures that there exists some x � � �ndet��2� such that f �x �� u� �
x and h�x �� u� � y. However, because �ndet��2� � �ndet��1�,
we have x � � �ndet��1�. It follows that x � �ndet��1� u� y�.

The information preference relation we choose affects the
goal regions that are sensible to consider. We should select a
region in which, for every I-state in the region, we also include
any I-states preferable to it. This formalizes the intuition that
a robot in the goal region should not prefer to be outside the
goal. Definition 3 codifies this idea of a sensible goal region.

Definition 3. Consider a set I � � of derived I-states. If, for
any ���1� � I and ���2� � � with ���1� � ���2�, we have
���2� � I , then I is preference closed.

Alternatively, one can view preference closure as a con-
straint on �. Fixing a space � of potential goal regions, we
admit a partial order � only if every region in � is preference
closed under �. Note that the trivial definition of � in Exam-
ple 8 always passes this test, regardless of �.

6. A Dominance Relation over Robot Systems

Now we turn our attention to a definition of dominance of one
robot system over another. This dominance relation induces a
partial order over robot systems, according to their sensing and
actuation abilities. The intuition is that dominance is based on
one robot’s ability to “simulate” another.
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Fig. 6. An illustration of Definition 4. If R2 can always reach
an I-state better than that reached by R1, then R1 � R2.

Definition 4. (Robot dominance) Consider two robots

R1 � �X �1��U �1�� Y �1�� f �1�� h�1��

and
R2 � �X �2��U �2�� Y �2�� f �2�� h�2���

Choose a derived I-space � and I-maps ��1� : ��1�hist � � and
��2� : ��2�hist � �. If, for all:

� �1 � ��1�hist�

� �2 � ��2�hist for which ��1���1� � ��2���2�� and

� u1 � U �1��

there exists a policy �2 : ��2�hist � U �2� such that for all x1 �
X �1� consistent with �1 and all x2 � X �2� consistent with �2,
there exists a positive integer l such that

��1���1� u1� h
�1��x1� u1�� � ��2��Fl��2� �2� x2��� (11)

then R2 dominates R1 under ��1� and ��2�, denoted by R1� R2.
If R1�R2 and R2�R1, then R1 and R2 are equivalent, denoted
by R1 � R2. If R1 � R2 and R2 � R1 then R1 and R2 are
incomparable, denoted by R1 �� R2.

Informally, Definition 4 means that, for any transition made by
R1, there exists some strategy for R2 to reach an information
state at least as good, in the sense of information preference,
as that reached by R1. This is what we mean when we describe
the statement R1�R2 as meaning that R2 can simulate R1. See
Figure 6.

Fig. 7. An illustration of Example 10. The robot R2 �
�PA� PL� dominates the robot R1 � �PR� because the former
can simulate the latter. (a) A distance measurement made di-
rectly by R1. (b) Distance is measured indirectly by R2 using
its linear odometer.

6.1. Dominance Examples

The following examples help to clarify the definition.

Example 10. Let R1 � �PR� and R2 � �PA� PL�. Recall
the definitions of these primitives from Examples 3, 5 and 6.
We argue under non-deterministic uncertainty that R1 � R2

by showing that R2 can simulate R1 in the precise sense of
Definition 4. Let �1 � ��1�hist and �2 � ��2�hist with �ndet��1� �
�ndet��2�. Since U �1� � �0�, there is only one choice for u1.
Let l � 4 and define �2 so that R2, starting from �2, executes
these actions in succession:

(1) Use PL with a very large input to move forward to the
nearest obstacle. Let d � h�x� u� denote the distance
moved.

(2) Use PA with u � 180� to perform a half turn.

(3) Use PL with u � d to return the robot to its initial posi-
tion.

(4) Use PA with u � 180� to perform a half turn, returning
the robot to its original orientation.

This policy is illustrated in Figure 7. It is easy to verify that
from any x � X , we have

�ndet��1� u1� h�x� u1�� � �ndet�F
4��2� �2� x��

and therefore R1 � R2. Since R1, which is completely immo-
bile, cannot simulate the translations or rotations of R2, we
have R2 � R1.

Note that these relationships are based on the robots’ abil-
ity to move through �ndet and do not consider any notion of
the cost of motion or sensing. The introduction of such a cost
function would likely lead to Pareto optima that express trade-
offs between the complexity of sensing built into the robot and
the execution costs of particular plans executed by the robot.
We do not consider such tradeoffs here.
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Example 11. Let R1 � �PT � and R2 � �PL�. We show
under non-deterministic uncertainty that R1�R2. Let �1 � ��1�hist

and �2 � ��2�hist with ���1� � ���2�. There is only one choice
for u1. Choose l � 1 and define �2 to choose an input for PL

larger than the diameter of the environment. This causes the
motions of R1 and R2 to be identical. The resulting derived
I-states ����1� and ����2� for R1 and R2 are the same, except
that R2 receives a meaningful sensor reading that may reduce
the resulting non-deterministic I-state. This sensor information
only makes ����2� smaller, so the preference ����1� � ����2� is
maintained. Conclude that R1 � R2.

This emphasizes that the relation induced by Definition 4
depends on the I-maps used. The next two examples illustrate
this.

Example 12. Let R1 � �PA� and R2 � �PC�. We argue
that R1� R2 under the usual non-deterministic I-map with the
initial condition of total uncertainty. Let �1 � ��1�hist and �2 �
��2�hist with �ndet��1� � �ndet��2�. Let u1 � U1 � S1. Choose
l � 2 and define �2 to select the following two actions:

(1) Use PC with u � 0 to sense the robot’s orientation with-
out changing the state. Let 	 denote this orientation.

(2) Use PC to rotate the robot to orientation 	 � u in the
global frame.

As in Example 11, the resulting states for R1 and R2 are identi-
cal but, since R2 knows its orientation, it may be able to elimi-
nate some candidate states that R1 cannot. This establishes that
R1 � R2. Are R1 and R2 equivalent under this I-map? No, be-
cause R2 can, with a single action, sense its orientation, but this
information can never be gathered by R1. Therefore, R2 � R1

and R1 �� R2.

Example 13. Consider a situation identical to that of Ex-
ample 12, but modify �ndet for a different initial condition
�ndet� � � �2 � ���2�. That is, the robot begins its execu-
tion knowing its initial orientation. At every step, R1 knows its
orientation in the global frame and can simulate R2 using an-
gle addition. Therefore, we have R2 � R1. However, using the
same reasoning as in Example 12, we know R1 � R2. There-
fore, for this I-map, we have R1 � R2.

6.2. Properties of the Dominance Relation

We conclude this section with some basic properties that fol-
low from Definition 4.

Lemma 1. The dominance relation� is a partial order. Like-
wise � is indeed an equivalence relation.

Lemma 2. Consider three robots R1, R2 and R3 formed from
primitives in �� and an I-map � for the master robot model�R of�� . If R1 � R2 under � , we have:

(a) R1 � R1 � R3 (adding primitives never hurts)�

(b) R2 � R2 � R1 (redundancy does not help)�

(c) R1 � R3 � R2 � R3 (no unexpected interactions).

Proof.
(a) Let �1 � ��1�hist, �13 � ��13�

hist , and u1 � U1. Assume
���1� � ���13�. Choose l � 1 and �13��� � u1 for all �. For
all x , we have ���1� u1� h�x� u1�� � ���13� u1� h�x� u1�� �
��Fl��13� �13� x��� completing the proof.

(b) It follows from part (a) that R2 � R1 � R2. It remains
to show that R1 � R2 � R2. Let �12 � ��12�

hist , �2 � ��2�hist and
u12 � U2 � U1. Assume ���12� � ���2�. Either u12 � U1

or u12 � U2. If u12 � U1, then because R1 � R2 there ex-
ist �2 and l satisfying the definition for R1 � R2 � R2. If
u12 � U2, choose l � 1 and �2��� � u12 for all �. For all
x , we have ���12� u12� h�x� u12�� � ���2� u12� h�x� u12�� �
��Fl��2� �2� x��, completing the proof.

(c) Let �13 � ��13�
hist , �23 � ��23�

hist and u13 � U1 � U3. As-
sume ���13� � ���23�. Either u13 � U1 or u13 � U3. If
u13 � U1, then because R1 � R2 there exist �23 and l sat-
isfying the definition for R1 � R3 � R2 � R3. If u13 � U3,
then choose l � 1 and �23��� � u13 for all �. For all
x , we have ���13� u13� h�x� u13�� � ���23� u13� h�x� u13�� �
��Fl��23� �23� x��, completing the proof. �

Corollary 3. If R1 � R2, then R1 � R3 � R2 � R3.

Proof. Apply Lemma 2(c) twice. �
Lemma 2(c) might be misleading. Certainly, hardware compo-
nents can be made to interact in interesting ways. For example,
a control system might combine information from linear and
angular odometers to execute circular arc motions. This appar-
ent contradiction results from the definition of robotic prim-
itives, which execute serially, rather than in parallel. In this
sense, robotic primitives model sensing and actuation strate-
gies as complete “packages”, rather than the individual sensors
or motors themselves.

Finally, we connect the idea of dominance to the ability of
robots to complete tasks.

Lemma 4. (Solution by imitation) Consider two robots R1

and R2 with R1 � R2 and a preference-closed goal region �G .
If R1 can reach �G , then R2 can reach �G .

Proof. Use the policy �2 implied by Definition 4 to com-
plete the task with R2. �
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This tight connection between dominance and task-
completing ability provides some motivation for the form of
dominance we propose.

7. Extended Example: Global Localization

In this section we present a detailed example using the
definitions of Sections 5 and 6. We consider a global local-
ization task, in which the robot has an accurate map of its en-
vironment but has no knowledge of its position within that en-
vironment. Many forms of the localization problem with vary-
ing sensing modalities have been studied in great detail. Some
methods (Sugihara 1988�Avis and Imai 1990� Basye and Dean
1990� Cox 1991�Weiss et al. 1994�Guibas et al. 1995�Dellaert
et al. 1999� Demaine et al. 2002� Ladd et al. 2004) passively
observe the motions of the robot in order to draw conclusions
about the robot’s state. Others (Kleinberg 1994� Romanik and
Schuierer 1996� Dudek et al. 1998� Rao et al. 2004� Koenig
et al. 2006� O’Kane and LaValle 2007b) actively drive the ro-
bot to reduce uncertainty. The purpose of this example is to
show how the results of Section 6 can be used to discover the
information requirements of this particular problem in robot-
ics. An analogy can be made to the classification of languages
in the theory of computation. It has been shown, for example,
that to accept the language of palindromes requires a machine
with computation abilities at least as powerful as a pushdown
automaton. In this section, we derive similar results regarding
the sensing and motion abilities needed to complete the active
global localization task.

7.1. Task Definition

Let E � �2 denote a planar environment in which a point ro-
bot moves. Assume that E is polygonal, bounded, closed and
simply connected and that the rotational symmetry group of E
is trivial. As in previous examples, the robot’s state space is
X � E � S1. We consider a catalog �� � �PA� PC � PT � PL�
of four primitives from Examples 2–4. From these primitives
we can form 15 distinct robots. For brevity, we use concatena-
tion to indicate the primitives with which a robot is equipped,
so that CT refers to a robot with primitive set �PC � PT �� similar
names apply to the other 14 robot models.

Select � � pow�X� 	 �. For � , use the non-deterministic
map defined in Example 1. The initial condition is total uncer-
tainty, so �� � � X . For the information preference relation,
use the definition from Example 9, in which information pref-
erence is defined by subset containment. The goal region for
the localization task is

�G � �� � �  � � 1�� (12)

That is, we want to command the robot so that only a single
final state is consistent with its history I-state. If the robot can
complete the task for any E consistent with the assumptions
above, we say that the robot can localize itself.

Fig. 8. The 15 robot models grouped into their eight equiva-
lence classes.

7.2. Equivalences and Dominances

Although �� generates 15 robot models, we can use the re-
sults of Section 6 to group them into equivalence classes.

Lemma 5. The following equivalences hold:

(a) CA � C�

(b) CTA � CT�

(c) TL � L�

(d) TAL � AL�

(e) CAL � CTL � CTAL � CL.

The three remaining robot models, A, T and AT, are in sin-
gleton equivalence classes.

Proof. (a) Combine Example 12 and Lemma 2(b). (b) Com-
bine Example 12, Lemma 2(b) and Corollary 3. (c) Com-
bine Example 11 and Lemma 2(b). (d) Combine Example 11,
Lemma 2(b) and Corollary 3. (e) Combine Examples 11 and
12, Lemma 2(b) and Corollary 3. �

These equivalences are illustrated in Figure 8. From each, se-
lect the unique robot with the fewest primitives and discard
the remaining seven robots. We can state several dominances
between these classes.

Lemma 6. Between representatives of the equivalence
classes from Lemma 5, the following dominances hold:

(a) C� CT� CL�

(b) A�AT�AL� CL�

(c) L�AL� CL�

(d) T�AT� CT� CL.

Proof. Combine Examples 11 and 12 with Lemma 2(a). �
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Fig. 9. Classification of robot models under which the local-
ization task can be completed. Shaded models do not admit a
solution. Arrows indicate dominances.

7.3. Completing the Localization Task

Which equivalence classes contain robots that can complete
the localization task? First, note that some robot models are so
simple that we can rule them out immediately.

Lemma 7. None of C, A, L and T can localize themselves.

Proof. For C and A, note that no action changes the robot’s
position and no observation is influenced by position. There-
fore, neither robot can ever gather information about its posi-
tion. For L and T, note that the robot can never change its ori-
entation. Information available to the robot is limited to the ray
extending from its initial state to the nearest obstacle forward.
Since E may contain continua of starting states consistent with
this information, neither robot can localize itself. �

Prior results are helpful for the remaining cases.

Lemma 8. (O’Kane and LaValle 2007b) AL and CT can
localize themselves but AT cannot.

Finally, we can finish the classification. The results of Lem-
mas 7–9 are summarized in Figure 9.

Lemma 9. CL can localize itself.

Proof. Combine Lemmas 4 and 8. �
The result is a complete classification of the solvability of the
localization problem over this hierarchy.

8. Extensions and Generalizations

This section contains a series of extensions and generalizations
to the techniques presented in Sections 3–6. The intention is to

illustrate that, although the preceding results are for a class of
highly idealized systems, the general structure of our analysis
is useful for a wider variety of problems with greater degrees of
realism and generality. We propose methods for dealing with
unknown environments (Section 8.1), with sensing and con-
trol uncertainty (Section 8.2) and with continuous time (Sec-
tion 8.3). Although we present each method separately, the ex-
tensions are orthogonal in the sense that it is straightforward
to apply all of them at once.

8.1. Unknown Environments

In the preceding analysis, we assumed that the robot moves
in a fixed, known environment. What happens when the robot
begins with limited or no knowledge about its environment, in
the sense that positions and geometry of obstacles, map topol-
ogy, navigability of terrain and so on are unknown? Imperfect
knowledge about the environment is a more drastic instance
of the general issue of state uncertainty. If the state is defined
to include a description of the environment in addition to the
robot’s configuration, then uncertainty in the environment can
be represented as an additional dimension of state uncertainty.

Concretely, choose an environment space � of which each
element E � � is a potential environment for the robot. Possi-
bilities for � with varying degrees of realism, interest, practi-
cality and amenability to analysis, include:

1. the set of bounded planar grids with occupancy maps�

2. the set of simple polygons in the plane�

3. the set of compact regions in �2 or �3 with connected
interiors and piecewise analytic boundaries� and

4. the set of terrain maps from�2 to�, giving the elevation
or navigability at each point in the plane.

The state space is formed by combining the robot’s
configuration space � with � , so that X � ��� . See Figure 10.
In the complete model, the true environment E � � affects the
robot by influencing the state transitions that the robot makes
and the observations that the robot receives. Since the only
change is to use a more complicated state space, Definition 4
need not change and the results of Section 6 still hold.

8.2. Imperfect Sensing and Control

We have assumed so far that the robot can execute all of its ac-
tions with perfect precision and complete reliability. The mo-
tions of real robots are imprecise and unpredictable. Moreover,
although we have accounted for the importance of sensing by
assuming that the robot is uncertain of its current state and
must rely on sensing, we have assumed that sensor readings
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Fig. 10. Three states for an example system containing a mo-
bile robot in the plane with environment uncertainty. When the
environment is uncertain, the identity of the environment be-
comes part of the state of the system.

Fig. 11. As the robot interacts with its environment, an ar-
tificial decision maker nature generates disturbances.

are uncorrupted by noise. A more realistic sensor model would
allow information from sensors to be subject to error.

We propose to follow the approach used in game theory
(Blackwell and Girshik 1979� Papadimitriou 1985) and repre-
sent this uncertainty by envisioning an abstract external deci-
sion maker called “nature”. The current state, the action cho-
sen by the robot and the choices made by nature combine to
determine how the state changes� given this information, the
state trajectory is fully determined. See Figure 11. Formally,
define a nature action space 
 and augment the state tran-
sition function f to depend on nature’s choice of 	 � 
 at
each stage, so that f : X � U � 
 � X . Nature affects the
robot’s observations in a similar way. Define a nature obser-
vation action space � and redefine the observation function
h : X �U �� � Y . The policy application function F must
be generalized to account for nature actions, so that

�m�k � Fm��k� �� xk� 	 k� � � � � 	 k�m� �k� � � � � �k�m�� (13)

Note that, in contrast to the simpler formulation of (6), the
robot’s current state, history I-state and policy are no longer
sufficient to predict future history I-states.

The following examples illustrate how nature might inter-
fere.

Example 14. Consider a point robot that can move freely in
the plane by issuing displacement commands, but whose mo-
tion is subject to noise. Let umax denote a bound on the mag-
nitude of the displacement in each stage and let 	max denote a

Fig. 12. (a) The robot in Example 14 gives displacement in-
puts that determine a nominal trajectory. (b) Nature interferes
with this motion, but error bounds ensure that the final state is
contained in a circle of radius k	max.

Fig. 13. (a) The robot in Example 15 has a sensor that reports a
noisy estimate of the distance to the origin. (b) Accounting for
noise bounded by �max, the observation confines the robot’s
state to an annulus of width 2�max.

bound on magnitude of the error in this displacement. Let X �
�2, U � �u � �2  �u� � umax�, 
 � �	 � �2  �	� � 	max�
and f �x� u� 	� � x�u�	 . At stage k, the robot can be certain
that its state lies within a closed disk of radius k	max, centered
at the nominal (error-free) final point. See Figure 12.

Example 15. Suppose that a mobile robot has a sensor that
reports the distance to some landmark. Let X � �2 and Y �
[0�
�. Without loss of generality, position the landmark at
the origin. Assume that the sensor has bounded additive error,
so that � � [	�max� �max] and h�x� �� � �x� � � . See
Figure 13. At each stage, the robot knows that its state is within
an annulus of width 2�max, centered at the origin.

In the presence of interference from nature, there are at least
two relevant solution concepts:

1. A strategy � : �hist � U is a possible solution if
there exists some stage k and choices of 	1� � � � � 	 k and
�1� � � � � �k for which the robot reaches a derived I-state
�k � �G . The robot may reach �G , but it is also pos-
sible that control or sensing errors will prevent it from
achieving this goal.

2. A strategy � : �hist � U is a guaranteed solution if
there exists some stage k such that for all choices of
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	1� � � � � 	 k and �1� � � � � �k , the robot reaches a derived
I-state �k � �G . The robot can always reach its goal,
regardless of any interference by nature.

Other solution concepts, such as those based on performance
bounds or on probabilistic guarantees of reaching the goal, are
possible but we do not consider them here. In this context,
Definition 4 must be generalized to include universal quan-
tifiers over nature’s actions.

Definition 5. (Robot dominance with sensing and control
error) Consider two robot systems

R1 � �X �1��U �1�� Y �1�� 
�1�� ��1�� f �1�� h�1��

and

R2 � �X �2��U �2�� Y �2�� 
�2�� ��2�� f �2�� h�2���

Choose a derived I-space � and I-maps ��1� : X �1� � � and
��2� : X �2� � �. If, for all:

� �1 � ��1�hist�

� �2 � ��2�hist for which ��1���1� � ��2���2�� and

� u1 � U �1�,

there exists a policy �2 : ��2�hist � U �2� such that for all x1 �
X �1� consistent with �1 and all x2 � X �2� consistent with �2,
there exists a positive integer l such that for all:

� 	1 � 
�1��
� �1 � ��1��
� 	2�1� � � � � 	2�l � 
�2��
� �2�1� � � � � �2�l � ��2��

we have

��1���1� u1� h�1��x1� u1� �1��

� ��Fl��2� �2� x2� 	2�1� � � � � 	2�l� �2�1� � � � � �2�l�� (14)

then R2 dominates R1 under ��1� and ��2�, denoted R1 � R2.

The next example demonstrates that Definition 5 behaves rea-
sonably.

Example 16. (Varying error bounds) Recall the incom-
pletely specified models in Examples 14 and 15. Consider two
robot systems R1 and R2 with state transitions as in Exam-
ple 14 and observations as in Example 15� R1 and R2 dif-
fer only in their error bounds 	�1�max, ��1�max, 	�2�max and ��2�max. We
compare these robots under �ndet. Comparing 	�1�max to 	�2�max, and
��1�max to ��2�max, there are four cases:

1. If 	�1�max � 	�2�max and ��1�max � ��2�max, then R1 � R2.

2. If 	�1�max � 	�2�max and ��1�max � ��2�max, then R2 � R1.

3. If 	�2�max � 	�1�max and ��2�max � ��1�max, then R1 � R2.

4. Otherwise, R2 �� R1.

These results follow in a straightforward manner from
Definition 5. The intuition is that one robot system dominates
the other if and only if its error bounds are not larger.

8.3. Continuous Time

The models presented up to this point manage time in discrete
stages, in which the robot makes a single decision at each
stage. This discretization of time may be unsatisfactory for
many kinds of systems, especially those that require compli-
cated control strategies. Continuous-time models have a more
direct correspondence with reality. To make the appropriate
generalizations, we replace the discrete sequences of states,
actions and observations with functions of a continuous-time
parameter t .

The state space X , action space U and observation space
Y remain unchanged from the discrete stage formulation. At
each instant t , the robot chooses some u�t� � U . Let �Ut

denote the space of all functions from [0� t� into U and let�U � �
t�[0�
� �Ut . For simplicity of notation, adopt the con-

vention that [0� 0� � �. Define �u : [0�
�� U as the robot’s
complete action history and let �ut � �U denote the robot’s ac-
tion history up to (but exclusive of) time t . We include a special
termination action uT � U . The robot selects uT to indicate
that it has finished its task and intends to terminate execution.
We require that if u�t� � uT , then u�t �� � uT for all t �  t . We
describe changes in the state with a state transition function

� : X �
�

t�[0�
�
�Ut � X� (15)

The intuition is that, given a starting state x�0� and an action
history �ut , the state transition function computes the resulting
state

x�t� � ��x�0�� �ut �� (16)

This notation of a “black box” state transition function follows
notation employed in control theory, for example, by Chen
(1984).

Example 17. A familiar special case of (16) occurs if �u is a
smooth function and there exists a function f such that

��x�0�� �ut� � x�0��
� t

0
f �x�s�� u�s�� ds� (17)

In this case, the system dynamics can be described by the dif-
ferential equation �x � f �x� u�.
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As time passes, the robot’s sensors provide feedback in the
form of observations drawn from an observation space Y . Let�Yt denote the space of functions mapping [0� t] into Y and let�Y � �

t�[0�
� �Yt . The robot’s complete observation history is
�y : [0�
�� Y . The observation history up to t (inclusive) is
�yt � �Yt . The observations received by the robot are governed
by the observation function h : X � Y . The history I-state
becomes

�hist �
�

t�[0�
�
�Ut � �Yt � (18)

and the history I-state at time t is ��t� � � �ut � �yt� � �hist. A
state x is consistent with an I-state ��t� � � �ut � �yt� if and only if
there exists some starting state x�0� such that ��x�0�� �ut� � x
and h�x�t ��� � y�t �� for t � � t .

In our discrete-stage formulation, we used a slightly dif-
ferent observation model, in which h : X � U � Y . In a
continuous-time adaptation, the time period over which obser-
vations are available is the half-open interval [0� t�� �yt would
be undefined at t itself. As a result, the closest we could come
to a memoryless strategy is to use the left-hand limit of �yt at
t , �obs���t�� � limt ��t	 y�t ��, provided that the limit exists.
(Compare with Example 19.) This technicality is part of the
motivation for preventing y from depending directly on u, as
we have done in this section. A more complete treatment of
these kinds of sensor models appears in LaValle (2006, Sec-
tion 11.1.1). We will not revisit this variation.

We describe the robot’s strategy as a feedback policy � :
�hist � U that specifies an action for each history I-state. We
assume that a given strategy is executed until it selects uT . The
time when this occurs, the resulting final state and the obser-
vations received along the way are all affected by the strategy
� itself and the starting state x�0�. Assuming that the robot
executes � , the termination time is

T ��� x�0�� � inf�t � [0�
�  ����t�� � uT �� (19)

The final state, denoted F��� x�0��, is

F��� x�0�� � ��x�0�� �uT ���x�0���� (20)

The next three examples illustrate that feedback over a derived
I-space can be a natural way to express familiar kinds of strate-
gies.

Example 18. (Open loop strategy) Let �time � [0�
� and
consider the I-map � time���t�� � t . In this case, the derived
I-state is simply the time elapsed. If the robot has an intended
open loop action trajectory � : [0� t f � � U , a strategy to
execute � is ����t�� � ��� time���t�� if t � t f and ����t�� �
uT otherwise.

Example 19. (Memoryless strategy) Another possibility is
that it is enough to know the “most recent” observation, so
�obs � Y and �obs���t�� � y�t�. Given a memoryless plan

Fig. 14. An illustration of Definition 6. Compare with Figure 6.

� : Y � U , the composed function �obs � � : �hist � U is a
memoryless information feedback strategy.

Example 20. (Concatenating strategies) Given two strate-
gies �1 and �2, a new strategy that concatenates them (that
is, executes them in sequence) is expressed by ����t�� �
�1���t�� if �1���t�� �� uT and ����t�� � �2���t�� otherwise.
By nesting this construction, arbitrarily many strategies can be
chained together.

Definition 4 can be generalized in a natural way.

Definition 6. (Robot dominance in continuous time) Con-
sider two continuous-time robot systems R1 � �X �1��U �1��
Y �1�� ��1�� h�1�� and R2 � �X �2��U �2�� Y �2�� ��2�� h�2��. If, for
all:

� ��1��t1� � ��1�hist�

� ��2��t2� � ��2�hist for which ��1����1��t1�� � ��2����2��t2���
� t �1 � [0�
�� and

� �u�1�t �1
� �U �1�

t �1
�

there exists an information feedback strategy �2 : ��2�hist �
U �2�, such that for all x �1� � X �1� consistent with ��1��t1� and
x �2� � X �2� consistent with ��2��t2�, there exists t �2 � [0�
�
such that if R1 executes �u�1�t �1

from time t1 to t �1 and R2 executes

��2� from time t2 to t �2, we have

��1����1��t �1�� � ��2����2��t �2��� (21)

then R2 dominates R1 under ��1� and ��2�, denoted R1 � R2.

See Figure 14. The next two examples illustrate some implica-
tions of Definition 6.
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Fig. 15. The lost cow of Example 22 searching for a gate.

Example 21. (Omniscient sensing and perfect control)
Consider a degenerate case with Y � X and h�x� � x . This
situation gives the robot complete information about its state.
Choose � � X and ����t�� � y�t� � x�t�. Let ���1� � ���2�
if and only if ���1� � ���2�, as in Example 8. In this context,
Definition 4 becomes a statement about the regions of state
space reachable by different control systems.

Suppose that three such systems R1, R2 and R3 differ only
in their action spaces U �1�, U �2� and U �3�. Let Z�A� denote the
subset of state space reachable by a robot with action space
A. Suppose R1 � R2. The system R3 need not be comparable
to either R1 or R2. Note that additional robot models can be
constructed from unions of U �1�, U �2� and U �3�. We have the
following results:

Z�U �1�� � Z�U �2� �U �3�� (22)

Z�U �1�� � Z�U �1� �U �2�� (23)

Z�U �1� �U �3�� � Z�U �2� �U �3�� (24)

These results are analogous to Lemma 2. Note that in com-
bining action spaces in this way, we allow the robot to choose
sequentially the action set from which to choose its action. The
results fail if the robot is somehow allowed to choose actions
from each constituent set in parallel.

Example 22. (A lost cow) A well-known problem in online
algorithms is the lost cow problem (Baeza-Yates et al. 1993�
Kao et al. 1993) in which a near-sighted cow moves along
a fence searching for a gate, as illustrated in Figure 15. The
difficulty under the standard sensing model is that the cow
must systematically search in both directions from its initial
position without any information about the distance or direc-
tion to the gate. The interest in this problem derives from po-
tential applications in (or at least the potential for better under-
standing of) exploration in unbounded environments.

We formulate the lost cow problem and consider how the
sensing model affects the cow’s searching ability. Let X �
�, in which x�t� is the position of the gate relative to the
cow at time t . Let the action space be U � [	1� 1] with
��x�0�� �ut� � x�0� � � t

0 u�s� ds. We compare three distinct
models C1, C2 and C3 under �ndet:

C1: Let Y �1� � � and h�1��x� � x . Here the cow can deter-
mine both the direction and distance to the gate.

C2: Let Y �2� � �	1� 0� 1� and h�x� � sign�x�. This allows
the cow to determine the direction it must move to reach
the gate, but not the distance.

C3: Let Y �3� � �0� 1� and h�2��x� � 1 if x � 0 and h�2��x� �
1 otherwise. This is the standard lost cow sensing model,
in which the cow cannot see the gate from a distance, but
can detect the gate when it arrives.

Perhaps surprisingly, these three models are equivalent in
the sense of Definition 6. This is because each can eventually
determine its state (by finding the gate) and after the state is
known, state uncertainty cannot recur. To simulate C1 with C3,
first execute the algorithm of Baeza-Yates et al. (1993), then
move to the state occupied by C1.

We conclude our discussion of continuous-time models by
showing how a discrete stage model in the form of Section 3
can be constructed from a continuous-time model in the form
presented above. Consider a division of time into variable
length stages, in which, in each stage, the robot executes a sin-
gle information feedback strategy to completion. We require
of each of these strategies the following special property.

Definition 7 (History invariance) If, for all ��t� � �hist,
all x � X consistent with ��t�, and all y�0� � Y , we have
F��� x� ��t�� � F��� x� ��0��, then � is a history-invariant
strategy.

The intuition of the definition is that the robot executing � is
free to use the observation and action history generated during
its own execution, but it cannot peer into the past before its ex-
ecution began in order to make decisions. Given a continuous-
time robot system R � �X�U�Y� �� h� (as defined in this
section) and a set � of history-invariant information feedback
strategies, construct a discrete-stage system (as in Section 3)
�R � �X� �U � �Y � �f � �h� as follows:

1. The state space X is the same.

2. The action space is �U � � .

3. The observation space is �Y � �Y .

4. The state transition function is f : X � �U � X , with
f �x� �� � F��� x� ��0��.

5. The observation function is h : X � �U � �Y .

The system starts at some (unknown) initial state x1 � X .
Let xk � X , uk � �U and yk � �Y denote the appropriate
values at stage k. These sequences are related to each other
by xk�1 � f �xk� uk� and yk � h�xk� uk�. The history I-
state consists of the action and observation histories: �k �
�u1� y1� � � � � uK	1� yK	1�. This construction gives a discrete-
stage system faithful to the dynamics in both state space and
I-space of the underlying continuous-time system.
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Lemma 10. Any action sequence u1� � � � � uK executed by �R
reaches the same final state x and the analogous final history
I-state as does R.

Note, however, that in making this transformation, we must
choose a set � of strategies and may therefore restrict the
space of plans that the robot can execute. If� does not contain
a sufficiently rich selection of information feedback strategies,
there may be regions of I-space that are no longer reachable
under the discretized model. In this way, � is analogous to the
catalog of robotic primitives�� introduced in Section 4.

9. Discussion

The results of this paper are intended to lay a foundation for
a sensor-centered theory for comparing robotic problems and
systems. Great potential exists to build on this foundation, par-
ticularly by developing the analogy to the theory of computa-
tion even further.

The most obvious avenue for future work is to study a
broader collection of problems. Although this paper considers
an active global localization problem in detail, other funda-
mental robotics problems warrant similar analysis of their in-
formation requirements. For example, results exist for limited-
sensing versions of navigation (Lumelsky and Tiwari 1994�
Lumelsky and Stepanov 1987� Papadimitriou and Yannakakis
1991� Kamon et al. 1999), exploration (Dúnlaing and Yap
1982� Choset and Burdick 1995� Acar and Choset 2001a, To-
var et al. 2004) and manipulation (Akella and Mason 1998�
Erdmann and Mason 1988� Goldberg 1993� Akella et al. 2000�
Agarwal et al. 2001) tasks. Using the techniques we have pre-
sented, it should be possible to unify and extend these results to
develop a more complete understanding of the sensing and mo-
tion abilities needed to solve these problems. Other problems
and more complex sensing systems could also be investigated.

One of the most powerful ideas in the theory of computation
that we have not explored here is the idea of reductions, which
hold promise for comparing robotic problems themselves. The
resulting statements would have the form “Problem A is at
least as hard as Problem B”. To make things more concrete,
we might consider decision problems, in which the robot with
a state space defined as in Section 8.1 must determine whether
its environment E � � has a certain property. Such problems
can be expressed naturally as planning problems in I-space. To
decide whether E has a property � : � � �0� 1�, the robot
must reach the goal region

�G�� � �� � �hist  ��q� E� � �ndet���� � �E� � 1�

� �� � �hist  ��q� E� � �ndet���� � �E� � 0�� (25)

An example is in Figure 16.
Another direction is to study the computational require-

ments of robotics problems. We expect that there exist rich

Fig. 16. A sample decision problem. What sensing is required
to decide if a planar environment is simply connected? What
robots can distinguish between (a) the annulus environment
and (b) the helix?

tradeoffs between computation time, memory usage, sensing
requirements and solution quality. There has been some re-
search on certain tasks, for example exploration (Shannon
1952� Blum and Kozen 1978� Bender et al. 1998), pursuit-
evasion (Yamashita et al. 2006) and coverage (Wagner et al.
1999), but very little is known in general. One way to deal with
such issues is to study sufficient I-maps (LaValle 2006), which
are I-maps for which transitions can be computed directly in
the derived I-space, allowing the history to be discarded. For
example, if a problem can be solved under a given robot model
using a sufficient I-map into a derived I-space of finite cardi-
nality n, the memory required to solve the problem is O�log n�.
The results of Blum and Kozen (1978), for example, can be
characterized as showing how a discrete exploration problem
can be solved in a derived I-space with cardinality linear in the
height of the area to be explored, meaning that only logarith-
mic memory is required. These computational issues must be
approached with care, especially if those computations involve
real numbers (Blum et al. 1998).

In spite of these possibilities, there are important limita-
tions to the idealized models we presented. Of the many issues
remaining to be addressed, we mention a few here.

9.1. Probabilistic Uncertainty

We have focused our attention on non-deterministic uncer-
tainty, but a large subset of contemporary work in robotics
uses probabilistic models of uncertainty (Simmons and Koenig
1995� Shatkay and Kaelbling 1997� Fox et al. 1998� Austin
and Jensfelt 2000� Jensfelt and Kristensen 2001� Thrun et al.
2005). Our results also apply, at least in principle, to proba-
bilistic uncertainty. In this context, the relevant derived I-space
is a space of probability distributions over X . However, it is not
immediately clear what the “right” information preference re-
lation over such a space would be. Depending on the models
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used, it may also be necessary to relax Definition 4 to require
only that R2 can simulate R1 with sufficiently high probability.
More generally, the differences between non-deterministic and
probabilistic uncertainty models warrant further exploration.
For example, non-deterministic uncertainty has the property
that sensing can only help. Actions from primitives such as
PR (Example 6) or PG (Example 7) that do not change the
state always lead to a derived I-state at least as good as the
current one. Under probabilistic uncertainty, this property does
not obviously hold, and sensing can sometimes increase uncer-
tainty.

9.2. Selecting the Catalog of Primitives

Although we believe that our robotic primitives provide a use-
ful abstraction, any results derived using our methods are only
meaningful if�� is diverse enough to faithfully represent the
underlying system. It remains an open problem to systemati-
cally find small (or at least succinctly described) sets of robotic
primitives that are complete (or nearly complete) in the sense
of not eliminating any reachable regions in I-space. There is,
however, active interest in related problems for control systems
(Frazzoli 2001� Girard and Pappas 2006� Mehta et al. 2006�
Murphey 2006).

What happens if �� is not a finite set? For example,
we may extend PL (from Example 5) to a family �PL �� �
�S1� �0�� fL� � hL� �  �  0� of primitives, each using a noisy
linear odometer whose error is bounded by �. If �� contains
many such families of primitives and we assume that each ro-
bot has at most one primitive from each family, then the space
of robot models is a cube in�n . The problem of identifying the
region in which a given task can be solved is correspondingly
more difficult.

9.3. Efficiency and Optimality

Throughout this paper, we have neglected the question of the
robot’s efficiency in completing its tasks. This weakness is par-
ticularly evident, for example, in Example 10, in which the
statement of dominance does not consider the differences in
execution cost, which in this case are likely to be prohibitively
large. One established technique for taking such costs into ac-
count is to use competitive ratios (Icking et al. 2002� Gabriely
and Rimon 2004), which compare the execution costs of on-
line algorithms (which must gather information during their
execution) to offline methods (which have complete informa-
tion) for the same tasks. It may be fruitful to generalize this
notion by considering “relative competitive ratios” that bound
the additional cost accrued by replacing one robot system with
another dominant robot system.

9.4. Parameterization of Time

In Section 8.3, we parameterized the robot’s observations by
time. In doing so, we implicitly assumed that the robot has an
accurate clock. Although such an assumption is generally not
technologically impractical, it requires care in abstract mod-
els to ensure that the robot cannot acquire extra information
“for free”. A robot might, for example, use this implicit clock
to parlay an accurate velocity sensor into a perfect odometer.
One solution is to express �u and �y as functions of some other
abstract parameter p. To recover the original functions of time,
the robot must determine a hidden mapping from � to � un-
der which p maps to t . Such issues are addressed in detail by
LaValle and Egerstedt (2007).

9.5. Cooperation and Coordination

In this work we have considered only a single independent ro-
bot. We might also consider the performance of teams of co-
operative robots on the same tasks. Such work would require
an investigation of the joint I-spaces that would arise from the
interaction of multiple agents, each having only limited infor-
mation. In particular, limited and possibly noisy communica-
tion between robots must be modeled. Many of the relevant is-
sues are worked out in the game theory literature (Owen 1982�
Başar and Olsder 1995).
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